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Physics reach of β-beams and ν-factories: the problem of degeneracies
S. Rigolina∗
aTheoretical Physics Department and I.F.T, Universidad Autonoma de Madrid, Cantoblanco, Spain
We discuss the physics reach of β-Beams and ν-Factories from a theoretical perspective, having as a guideline
the problem of degeneracies. The presence of degenerate solutions in the measure of the neutrino oscillation
parameters θ13 and δ is, in fact, the main problem that have to be addressed in planning future neutrino oscillation
experiments. If degeneracies are not (at least partially) solved, it will be almost impossible to perform, at
any future facility, precise measurements of θ13 and/or δ. After a pedagogical introduction on why degenerate
solutions arise and how we can get rid of them, we analyze the physics reach of current β-beam and ν-factory
configurations. The physics reach of the ”standard” β-Beam is severely affected by degeneracies while a better
result can be obtained by higher-γ setups. At the ν-Factory the combination of Golden and Silver channels can
solve the eightfold degeneracy down to sin2 θ13 ≤ 10
−3.
1. Introduction
The atmospheric and solar sector of the PMNS
leptonic mixing matrix have been measured with
quite good resolution by SK, SNO and KamLand.
These experiments measure two angles, θ12 and
θ23, and two mass differences, ∆m
2
12
and ∆m2
23
.
The present bound on θ13, sin
2 θ13 ≤ 0.04, is ex-
tracted from the negative results of CHOOZ and
from three-family analysis of atmospheric and so-
lar data. The PMNS phase δ is totally unbounded
as no experiment is sensitive, up to now, to the
leptonic CP violation. The main goal of next neu-
trino experiments will be to measure these two,
still unknown, parameters. In this talk we ana-
lyze the physics reach of β-Beam and ν-Factory
following a somehow theoretical perspective: the
problem of degeneracies in (θ13, δ) measure. The
best channel for measuring (θ13, δ) is the νe→ νµ
appearance channel [1] (and/or its T and CP
conjugate ones). Unfortunately, this measure is
severely affected by the presence of an eightfold
degeneracy [2,3].
In the next section we introduce in a pedagog-
ical way the concept of degeneracy and we de-
scribe the effect of the eightfold degeneracy in
the (θ13, δ) measure. We show that two possible
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approaches can be used to get rid of them: com-
bination of different experiments and/or combi-
nation of different oscillation channels. In section
3 and 4 we describe shortly the physics reach of
β-Beam and ν-Factory respectively2.
2. The eightfold degeneracy
It was originally pointed out in Ref. [2] that the
appearance probability Pαβ for neutrinos with a
fixed Baseline/Energy (L/E) ratio and input pa-
rameters (θ¯13, δ¯) has no unique solution. Indeed,
the equation
Pαβ(θ¯13, δ¯) = Pαβ(θ13, δ) (1)
has a continuous number of solutions. The lo-
cus of the (θ13, δ) plane satisfying this equation is
called equiprobability curve (see Fig. 1). Consider
now the equiprobability curves for neutrinos (+)
and antineutrinos (−) with the same L/E (and
the same input parameters). The following sys-
tem of equations
P±αβ(θ¯13, δ¯) = P
±
αβ(θ13, δ) (2)
has two intersections (see Fig. 2): the input pair
(θ¯13, δ¯) and a second, L/E dependent, point. This
2The eightfold degeneracy in the (θ13, δ) measure has been
comprehensively studied in literature. All the technical
details and a complete set of bibliographic references can
be found in [4,5]
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Figure 1. Correlation of θ13 and δ if only neu-
trinos (or antineutrinos) are measured: infinite
degeneracy.
second intersection introduces an ambiguity in
the measurement of the physical values of θ13
and δ: the so-called intrinsic clone solution [2].
Knowing the two probabilities of eq. (2) is con-
sequently not enough for solving the intrinsic de-
generacy. One needs to add more informations.
Two ways are viable: i) using independent ex-
periments (i.e different L/E) and/or ii) using in-
dependent oscillation channels. In case i) one
can think to observe the same neutrino oscilla-
tion channel (i.e. the golden νe → νµ oscillation)
using neutrino (antineutrino) beams with differ-
ent L/E. In Fig. 3 one can see that experiments
with different L/E present clone solutions in dif-
ferent regions of the (θ13, δ) parameter space. If
the clones are well separated one can solve the
degeneracy. Another possibility, case ii), is to fix
L/E and to use contemporaneously two different
oscillation channels (like for example νe → νµ and
νe → ντ ). In Fig. 4 one can see how the intrinsic
clones for the two channels appear, generally, in
different locations and so the intrinsic degeneracy
can be solved.
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Figure 2. Correlation of θ13 and δ if neutri-
nos (full line) and antineutrinos (dashed line) are
measured: twofold degeneracy.
From this example we learn that the best way
for solving the degeneracies is to add all the pos-
sible available informations: different baselines,
different energy bins (i.e. different L/E) and dif-
ferent channels. Therefore, in planning future ex-
periments one has to understand which combina-
tions of experiments can give the largest set of
(really) independent informations. The existence
of unresolved degeneracies could, in fact, mani-
fests itself in a complete lost of predictability on
the aforementioned parameters as we will see in
the next sections.
Unfortunately, the appearance of the intrinsic
degeneracy is only a part of the “clone problem”.
As it was pointed out in [3], two other sources
of ambiguities arise due to the present (and near
future) ignorance of the sign of the atmospheric
mass difference, satm = sign[∆m
2
23
], and of the
θ23 octant, soct = sign[tan(2θ23)]. These two
discrete variables assume the values ±1, depend-
ing on the physical assignments of the ∆m2
23
sign
(satm = 1 for m
2
3 > m
2
2 and satm = −1 for
m2
3
< m2
2
) and of the θ23-octant (soct = 1 for
θ23 < pi/4 and soct = −1 for θ23 > pi/4). Conse-
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Figure 3. Solving the intrinsic degeneracy using
the same oscillation channel but two different val-
ues of L/E.
quently, future experiments will have to measure
four unknowns: two continuous variables (θ13,δ)
plus two discrete variables (satm,soct).
From these considerations it follows that eq. (2)
should be more correctly replaced by the follow-
ing four systems of equations (each for any pos-
sible choice of the satm and s¯oct signs)
3:
P±αβ(θ¯13, δ¯; s¯atm, s¯oct) =
P±αβ(θ13, δ; satm = ±s¯atm; soct = ±s¯oct). (3)
Solving the four systems of eq. 3 will result in
obtaining the true solution plus additional clones
to form an eightfold degeneracy. These eight so-
lutions are respectively: the true solution and its
intrinsic clone (when the right satm and s¯oct signs
are used in eq. 3), the ∆m223-sign clones (when
satm = −s¯atm is used), the θ23-octant clones
(when soct = −s¯oct is used) and finally the mixed
clones (when simultaneously satm = −s¯atm and
soct = −s¯oct are used).
3For simplicity of notation we express eqs. 1–3 in terms
of probabilities. However as noticed in [4] one should use
instead the number of (leptonic) measured events.
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Figure 4. Solving the intrinsic degeneracy using
the same L/E but two different oscillation chan-
nels (i.e. golden and silver).
3. Physics reach of the β-Beam
In Fig. 5 one can see the dramatic impact that
degeneracies can have in the precision measure-
ment of (θ13, δ) at the “standard” β-Beam con-
figuration4 (i.e. L=130 km and γ=(60,100) for
He and Ne ions respectively): (1) the error in
the θ13 measurement is increased by a factor four
(two) for large (small) values of θ13, however, the
presence of degeneracies has a small impact on
the ultimate θ13 sensitivity; (2) the error in the δ
measurement grows in a significant way in pres-
ence of the clones, almost spanning half of the
parameter space for small values of θ13. These
facts are well understood: being the “standard”
β-Beam a (short distance) counting experiment
there are not enough independent informations
to cancel any of the degeneracies.
To obviate this problem new β-Beam setups
have been recently proposed by [11,12]. In these
setups the use of energy bins helps in reducing the
number of degeneracies and improves the sensitiv-
ity to θ13 and δ. However, to have a significant
4For a comprehensive description of old and new β-Beam
setups look at [5,8,9,11]
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Figure 5. The eightfold degeneracy at the “stan-
dard” β-Beam for two values of θ13 (2
◦, 8◦) and δ
(45◦,−90◦) (from [8]).
improvement over the “standard” setup, neutrino
energies ofO(1 GeV) (i.e. γ ≈ 150-300) and base-
lines of 300-700 km are needed.
In Fig. 6 the 3σ sensitivity reach to θ13 is
shown. Notice that the inclusion of all degen-
eracies worsen the sensitivity to θ13 for δ=0 of
almost and order of magnitude, compared to the
only-intrinsic case usually presented in literature.
In Fig. 7 the CP violation exclusion plot at 99%
CL for different β-Beam setups it is shown [11].
One can easily notice in this plot that the sen-
sitivity to CP violation is increased at higher-γ
(and baseline) configurations. This work, how-
ever, assumes the same neutrino flux at any of
the γ considered. While this hypothesis seems
reasonable (within a factor 2), a careful analysis
of ions fluxes at different γs should be performed.
Besides the appearance channel, the νe → νe
disappearance channel is available at the β-Beam.
Unfortunately, as it was shown in [8] this channel
does not provide any additional informations once
realistic systematic errors are taken into account.
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Figure 6. θ13 exclusion plot for the “standard”
β-Beam setup (from the authors of [8]).
4. Physics reach of the ν-Factory
No much work has been devoted in the last two
years in improving the analysis for the ν-Factory.
Our understanding of the ν-Factory physics reach
is practically still the one presented in ref. [13]
(and graphically summarized in Fig. 8) with the
addition of the νe → ντ“silver” appearance chan-
nel ref. [14]. The combination of the “golden”
channel (with a 3000 km baseline and, eventu-
ally, a second detector placed at 7000 km) and
the “silver” channel could solve practically all
the degeneracies down to θ13 ≈ 1
◦ − 2◦. No-
tice however, that all the golden channel studies
strongly dependend on the old-fashion5 detector
configuration presented in [15]. The appearance
of the ”degeneracies problem” force us to consider
a complete re-analysis of the iron detector char-
acteristics. The inclusion of the first energy bins
(let’s say between 0-10 GeV) becomes manda-
tory for solving clones solutions and so improv-
5Originally the detector was designed for reaching the
highest sensitivity to θ13 because at the time the detector
was designed the SMA solution was not excluded yet.
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Figure 7. CP violation exclusion plot at 99% CL
for different β-Beam setups (from ref. [11]).
ing ν-Factory physics reach. In fact the oscilla-
tion maximum for a NF with a baseline of 3000
km is around 5 GeV. In the old detector analysis
tight background cuts reduce almost to 0 the ef-
ficiency for this bin, in such a way that only the
above-the-peak energy informations is left.
In our opinion, the full understanding of the
ν-Factory physics reach should have to take ad-
vantage of its large availability of oscillation chan-
nels. Besides the accurate studies of the “golden”
and “silver” appearance channels, a deeper anal-
ysis of the νe , νµ disappearance channels and
of the νµ → ντ appearance one should be consid-
ered. Of course this effort could require a (consid-
erable) increase of detectors cost. But it should
be considered if the major effort of building the
ν-Factory is agreed to be necessary for the full
understanding of neutrino oscillation parameters.
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